SEPARATIONS

AIChE

Reliable Computation of Equilibrium
Cascades with Affine Arithmetic

Ali Baharev and Endre Rév

1521 Budapest, Pf. 91, Hungary

DOI 10.1002/aic.11490
Published online April 30, 2008 in Wiley InterScience (www.interscience.wiley.com).

Computing the steady state of multistage counter-current processes like distillation,
extraction, or absorption is the equivalent to finding solutions for large-scale nonlinear
equation systems. The conventional solution techniques are fast and efficient if a good
estimation is available, but are prone to fail, and do not provide information about the
reason for the failure. This is the main motive to apply reliable methods in solving
them. Reliable computations are usually realized with interval methods. A reliable root
finding method is presented, based on affine arithmetic (AA), a recently developed lin-
earization technique and interval method. AA is compared here to another lineariza-
tion technique, the widely known Interval Newton method. The studied examples seem
to indicate superiority of the novel method over the traditional one. The comparison is
made with a pruning technique not state-of-the-art, but analogous in the two compared
methods. AA can be combined with constraint propagation (CP), or linear program-
ming (LP) aided CP, as pruning techniques. The combined techniques, AA/CP and AA/
LP are studied and compared. AA/ILP proves to be preferable because of its robust-
ness. Short distillation columns are successfully computed with the proposed AA/LP
method. © 2008 American Institute of Chemical Engineers AIChE J, 54: 1782-1797, 2008
Keywords: affine arithmetic, interval arithmetic, reliable computation, root finding,
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Introduction

Design and simulation of phase equilibrium, based on sep-
aration of chemical components from liquid or gas mixtures,
such as extraction, absorption, desorption, stripping, and dis-
tillation, constitute an important part of the everyday practice
in chemical engineering. Computing the steady states of the
counter-current multistage processes is equivalent to finding
solutions of large-scale nonlinear equation systems. Although
a good deal of effort has been made in constructing efficient
and reliable computation techniques, and powerful results
have been achieved,'? there is no theoretical guarantee for
convergence to the true solution.
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Finding the correct number and composition of equilib-
rium phases at given pressure and temperature, when only
the gross composition is known is a basic problem in phase
equilibrium calculations as it involves numerical difficulties.
Even in the case of liquid/liquid phase separation of a binary
mixture, the so-called trivial solution is sometimes found
instead of the correct one because both solutions satisfy the
equality of partial fugacities, a necessary condition of equi-
librium. In this case one does not know if the homogeneous
mixture is thermodynamically stable, or there is phase sepa-
ration not found numerically. Minimizing the molar Gibbs
energy of the system, i.e., satisfying the necessary and satis-
factory conditions of equilibrium, is equivalent to finding
global minimum. Finding the global minimum cannot be
guaranteed by local methods; there may be several local
optima due to the applied sophisticated thermodynamic non-
linear models. Although local methods work well if a good
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estimate is available for each mole fraction in the conjugated
phases, and if the gross composition is far from any plate
point (e.g. Prausnitz et al.?), they do not always work, and
do not guarantee correctness. In order to reliably determine
the number and composition of phases, one should find the
global minimizer of the molar Gibbs energy function using a
proper global optimizing tool.* 13

Computing steady states of counter-current cascades of
phase equilibrium units (so-called equilibrium stages) is a
well-developed discipline in chemical engineering.l’2 How-
ever, the numerical problems in this field have not yet been
perfectly solved. The routines developed for computing
steady state are sensitive to initial estimates, and if no solu-
tion is achieved after several attempts with different initial
points then one does not know whether the initial estimation
is bad, or simply that no solution exists for the specified cir-
cumstances. Moreover, there are specifications that give rise
to several solutions (output multiplicityl4’15).

The aforementioned chemical engineering problems could
be overcome by a methodology that reliably explores all the
solutions of the modeling nonlinear equation system, or reli-
ably concludes to the nonexistence of a solution if it really
does not exist. Standard methods neither guarantee that all
solutions have been found, nor prove that no solution exists.
Until now, the only strategy that provides all the solutions of
the general form system with mathematical certainty seems
to be the interval methods. The Interval Newton/Generalized
Bisection method (IN/GB) has been successfully applied to
solve a wide variety of problems,'® such as computation of
phase stability with activity coefficient models, cubic equa-
tion-of-state (EOS) models, and statistical associating fluid
theory, calculation of critical points from cubic EOS models,
location of azeotropes and reactive azeotropes, parameter
estimation using standard least squares and error-in-variables.
Ordinary interval arithmetic can also be applied to compute
validated solutions of initial value problems for ODEs.'”"'®

Interval root finding methods based on the traditional and
widely used linearization technique in the form

f(x) e A(x —z) + f(z)

(in a given interval box X, where x € X and z € X are real
numbers, A(X) is an interval matrix, and f(z) is a real vector)
have improved considerably during the past few decades. State-
of-the-art variants, involving advanced preconditioning,19 linear
programming,20 and/or directed acyclic graph (DAG) based con-
straint propagation techniques,”’ > may be several orders of
magnitude faster than the “textbook” Interval Newton/Gauss-
Seidel** (IN/GS) algorithm with the so-called midpoint inverse
preconditioner. It is interesting to note that the idea of the DAG
based constraint propagation technique, which is one of the
most effective pruning techniques, seems to be first described
very early in the independent article of Kearfott.”!

Roughly speaking, the Total Time of the interval computa-
tion depends, apart from the problem itself to be solved, on
three main factors: (1) the technique applied for successively
linearizing the functions over the actual box, (2) the way the
box is pruned, based on this linearization, and (3) the way the
box is subdivided in case the pruning is unsatisfactory. These
factors are not independent, of course. One may introduce, for
example, specific enhancements of the linearization technique
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in order to achieve better pruning. Expansive abbreviations are
usually applied for distinguishing combinations of the techni-
ques according to the above three factors. For example, a
method may be abbreviated as IN/GS/GB, using (1) interval
Newton method (IN) as linearization technique, (2) Gauss-
Seidel iteration (GS) as a technique for pruning the box, and
(3) an appropriate form of Generalized Bisection (GB) as a
technique for subdivision. As subdivision strategies are not
studied in this article, a splitting rule based on the idea of
Kearfott and Novoa® is used in all methods, and the /GB part
is dropped from the abbreviations for simplicity.

A new linearization technique, based on affine arithmetic
(AA%?), has been proposed recently by Kolev.**® Numer-
ical evidence published in the literature®®>*2%¥=2 quggests
that the new technique is superior to the traditional lineariza-
tion techniques, such as the interval Newton or the Krawc-
zyk™ method.

The purpose of the current research is to compare the tradi-
tional and the new AA-based linearization techniques, and
compare different pruning methods applicable with AA, using
chemical engineering problems of real complexity. Not the nu-
merical values of the solutions of the studied examples are
significant here, but the time and number of iterations (cycles)
to compute those solutions. The goal of the current implemen-
tation is to identify the bottlenecks, and to get a better under-
standing of affine arithmetic, and in this way to construct a
good starting point for future development and implementa-
tion. For this reason, the example problems in this article are
selected in such a way that they can be solved with professio-
nal flow sheet simulators without any difficulty.

Efficiency of the new AA-based linearization technique is
compared to the traditional Interval Newton technique with
Gauss Seidel iteration>* (IN/GS). Neither state-of-the-art con-
straint propagation (CP) nor problem specific enhancement is
used in the AA/CP method. The major difference between
AA/CP and IN/GS lies in their linearization technique (AA
vs. IN). The applied propagation techniques, namely Proce-
dure 3 following, and interval Gauss Seidel iteration are
analogous (comparable). The authors think that the applied
rules for bisection are also analogous and, as a consequence,
AA/CP and IN/GS are comparable in a fair way.

AA can be combined with different techniques for pruning
the search intervals. State-of-the-art CP techniques are not
yet implemented, although they are in principle applicable to
AA. Instead, an easy to implement constraint propagation
technique (AA/CP), and the same technique aided with linear
programming (AA/LP) are studied and compared.

The proposed AA/LP method is applicable to solving small-
scale counter-current cascade problems that have not yet been
considered at all in the literature of applying interval arithme-
tic to chemical engineering problems, according to the authors
best knowledge, perhaps because of their extensive complexity
and dimensionality. Based on the hitherto achieved results, the
authors expect to solve larger scale counter-current processes
with this interval technique in tolerable running time.

Mathematical Background

Overestimation in ordinary interval arithmetic

Ordinary interval arithmetic* ™ (1A) provides interval

inclusion of the range of real functions over given intervals.
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When implemented on floating point machines, interval arith-
metic is appended with extra rules of rounding outwards in
order to prevent losing any element of the proper range. In
this way, one can compute rigorous enclosure.

The ranges are usually overestimated by IA. For example,
X—-X=[X—-X,X—-X] # 0if X # X where X and X
denote the lower and upper endpoint of interval X, respec-
tively. For the range of fix) = (x — 1)/(x*> + 2) over interval
[2, 4], TA yields; [5/9, 1/2] C[0.055555, 0.500000]; this is
approximately 27 times wider than the exact range
[1/6,(v/3 —1)/4] C [0.166666, 0.183013]. This overestima-
tion is mainly a consequence of neglecting the correlation
between the partial results of the computation. For example,
y =x — land z = x> + 2 are not independent in the afore-
mentioned example; however, they are divided as ratio of
intervals of independent variables y and z.

Notions of affine arithmetic

The aim of this subsection is to give the notations and no-
menclature used in this article. For an introduction and ex-
haustive overview of affine arithmetic, the reader is referred
to the excellent monograph of Stolfi and Figueiredo.27

Overestimation by IA is mainly due to its inability to keep
track of the correlation between the computed partial results.
A possible way to overcome this problem is the use of affine
arithmetic (AA)?®?° that operates on linear polynomials of
the form

X =Xo+X1€ + X282 + -+ X8

where the coefficients x; (i = 0,..., n) are real numbers, and
g (i =1,...,n) denote symbolic real variables, called noise
variables. The values of the noise variables are unknown, but
must lie in the interval [—1, 1].

Apart from the rounding error, the result of the affine
operation is ax + fiy + y exactly computed as

o+ By +7 = (oo + Byo +7) + D (o0x; + By
i=1

i=

To any nonaffine operation f*(¢y,.. ., ¢,), an affine function

fa(gly--~78n) =2z0+ z1&1 + -+ 2,48

that approximates f*(gy,...,¢,) is carefully selected and a
new term z;¢; is introduced to bound the absolute magnitude
of the error of the approximation

lze| = sup{|f*(e1, .- en) —f(e1,- - en)|} )

as there are n + 1 degrees of freedom (zq to z,) in choosing
the approximating affine function f“, it is possible to aim for
approximations that are optimal in some sense. An optimal
affine approximation is the Chebyshev or minimax approxi-
mation that minimizes the maximum absolute error (1).
Another approximation is the min-range approximation
where the result has the minimal range if converted to ordi-
nary interval. Chebyshev and min-range approximations of
basig7 nonaffine operations are given in Stolfi and Figueir-
edo.
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Mixed AA/IA model

The Chebysev approximation preserves more information
on the dependency of the computed results than the min-
range approximation, but has the drawback of overestimating
the range, whereas the min-range approximation has no over-
shoot or undershoot (Stolfi and Figueired027). Overestimation
of the range of intermediate results can cause problems, such
as division by zero or negative argument to the logarithmic
function, etc., that would not be experienced even if using
ordinary interval arithmetic (see also Example 3 in this arti-
cle). These problems can be avoided by using min-range
approximation at the crucial points or using a mixed AA/IA
model as proposed by Stolfi and Figueiredo.27

In the mixed AA/IA model the IA part is responsible for
providing tight ranges of the individual variables, and the
AA part is optimized to keep track correlations between
computed quantities without having to worry about problems
caused by over- or undershoot.

The IA, AA min-range, AA Chebysev, and mixed AA/IA,
linear enclosures of function are illustrated in Figure 1. As is
shown in Figure 1d (mixed AA/IA model) the range of the
affine form should be determined as the intersection of range
[c, d] computed by IA, and range [e, f] computed by AA
when it is needed, e.g., for a nonaffine operation.

Computing a nonaffine function or operation usually starts
with converting its affine argument to conventional interval.
The range is worth computing both with AA and IA in each
nonaffine operation, i.e., in each nonaffine elementary step of
the computation. For illustration, see Example 1. During the
evaluation of expressions, the IA part can store information
(tighter range) obtained by constraint propagation; see Exam-
ples 2 and 3 for instance.

Example 1

Evaluation of (x — 1)/()c2 + 2) over [2, 4] with IA yields
[5/9, 1/2] C [0.055555, 0.500000] as discussed previously.
Evaluating this function with AA over the same domain,
using min-range approximation to x> and division according
to Kolev,*® gives [0.055555, 0.271605]. Despite the fact that
the range of x* over domain [2, 4] is overestimated by the
Chebysev approximation as to [3, 16] instead of [4, 16], the
Chebysev approximation gives a range more than four times
tighter than the min-range approximation, because it has
more information on the correlation between (x — 1) and (x2
+ 2). The best result is obtained by the Chebysev approxi-
mation, and using the true range of the denominator com-
puted by IA when performing the division. The results are
summarized in Table 1.

Computing bounds on mole fraction weighted averages
for the mixed AA/IA model

In certain practical applications, especially in chemical
engineering, computation of weighted sums ), w;x;, and
their reciprocal 1/>,wux; are often required, where
>uxi=1, 0<x; <1, and w; > 0, hold. The ranges of
these sums are obviously overestimated if constraint
>°.x; =1 is neglected. The most popular activity coefficient
models like Wilson,* NRTL,® UNIQUAC,”! and UNI-
FAC,’? involve division with weighted sums of mole frac-
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Figure 1. lllustration of the linear enclosure of function computed by (a) ordinary interval arithmetic (1A), (b) affine
arithmetic (AA) and min-range approximation, (c) AA and Chebysev approximation, (d) mixed AA/IA model

with Chebysev approximation.

The slope of the dashed line computed by AA correlates well with the slope of the approximated function.

tions. Such summation of weighted mole fractions easily
result in intervals containing zero which, in turn, gives rise
to an exception of division by zero. The situation becomes
even more problematic if the weights are not a priori speci-
fied constants, but nonlinear functions w; = p,(T) of some
variable 7, and the sums are evaluated in themselves regard-
less of the condition ), x; = 1.

Efficiently computing tight bounds on these sums not only
solves this problem, but may also significantly speed up the
computation. However, the tighter bounds can be used by the
mixed AA/IA model only, and not by the pure AA model.

Exact bounds (within round out) on the sum Y, wx; can
be computed with Procedure 1, an O(n) algorithm, if the
weights are a priori specified constant real numbers. Proce-
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dure 1 is the affine analogue of the IA algorithm published
by Hua, Brennecke, and Stadtherr.'® Based on analyzing the
corresponding LP problem it is shown by them that at most

Table 1. Results for Evaluating (x — 1)/(x2 + 2) over [2, 4]
with Various Methods

Width Related

Method Computed Interval to the True Range
1A [0.055555, 0.500000] 27.19
AA with min-range [0.055555, 0.271605] 13.22
AA with Chebysev [0.151207, 0.200000] 2.985
Mixed AA/IA [0.153784, 0.196860] 2.635
True range [0.166666, 0.183013] 1.000
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one variable is not at its lower or upper bound if ), wix;
reaches its extreme. In Step 2 of Procedure 1, the weighted
sum is computed in the following way. The constraint is sat-
isfied through the computation of y;; at most one variable is
not at its lower or upper bound because z; is independent
from x;, and all the possible cases are considered. Thus, it
follows from the results of Hua, Brennecke, and Stadtherr'®
that Procedure 1 gives the exact bounds on the sum. Note
that this procedure would fail if performed in IA because IA
cannot track the dependence between w;y; and " 2 Wix; oceur-
ring in the sum for z; in Step 2, and, thus, it overestimates
the range of z;. In contrast, AA gives the true range of z;
because only affine operations are performed.

In Procedure 1, affine a form stores the result of the affine
operation y ., wix; this @ can be used later by pruning
methods discussed later in the section Linearization and
pruning techniques; the tightest bounds on the sum Y -, wix;
are given by the ordinary interval; the function named AA_
to TA converts its affine argument to ordinary interval (Stolfi
and Figueired027); Xi, Vi, z; are affine forms (i = 1,2,...,n);
for the independent x; variables > ;x; =1 and 0 < x; < 1
hold; back arrow “«” denotes assignment; “N” denotes
intersection.

Procedure 1
Step 1

n
a «— E WiX;
i=1

r«— AA_to_IA(a)

Step 2
For j = 1 to n repeat

y_,—<—1—ix,—

i#j
i=1

n

Zj < Wjy; + E WiX;
i#]
i=1

r—rnNAA_to_IA(z)

Step 3
Finished, tightest bounds are given by r.

Example 2

This example is taken from Hua, Brennecke, and Stad-
therr.'® Compute the tightest possible range for x; + 2x, +
3x3 where x; + x, + x3 = 1, x; € [0.1, 0.4], x, € [0.2, 0.4],
and x3 € [0.3, 0.5]. The resulted interval is [0.1 + 2-0.2 +
3.0.3, 0.4 + 204 + 3-0.5] = [1.4, 2.7] if condition x; + x»
+ x3 = 1 is ignored, and the operations are performed in IA.
Procedure 1 yields the true range [1.9, 2.4], identical to the
result of Hua, Brennecke, and Stadtherr.

Tightening bounds on nonlinear functions for the mixed
AA/IA model

Procedure 1 can be generalized, and bounds on sophisti-
cated nonlinear functions can also be tightened, by consider-
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ing fairly general constraints. In Procedure 2, tight bounds
on a nonlinear function f(x;, x»,...,x,) are to be determined
by considering constraint g(x;, x,,...,x,) = 0. Suppose it is
possible to express each x; (j = 1, 2,...,n) from constraint
g(xy, xp,...,x,) = 0 in the form x; = gi(x, x2,...,x,). If it
is not possible for some index j then the j-th cycle in Step 2
can be skipped in Procedure 2. Note that AA evaluation of
g(xy, x2,...,x,) = 0 gives a linear relaxation of the con-
straint from which it is always possible to express x;.
Variables x;, y;, z; (i = 1, 2,...,n) in Procedure 2 are
affine forms; for other symbols, see notation of Procedure 1.

Procedure 2

Step 1
a—f(x1,%0, . Xy, Xy)
r«— AA_to_IA(a)
Step 2
For j = 1 to n repeat
Vi — gilx, . x)
zi — f(X1, X2, o Vs, Xn)

r—rnNAA_to_IA(z)

Step 3
Finished, result is r.

Although this procedure can be used to tighten the bounds,
the bounds obtained may not compensate the cost of comput-
ing function fn + 1 times with AA.

Example 3

Bounds on subexpression S5, x,Ai(T) of the Wilson
Egs. 17 and 18 are considered as an example. Let C = 3
(number of components) A (T) = V2/VI"-exp(—k;/(RGT)),
where a, i € {1,2,3}; model parameters k;, and V;"" are given
in Table A6 and A7, respectively; Rs denotes the (Regnault)
ideal gas constant (1.98721 cal/(mol - K)); T denotes the
temperature in Kelvin. The nonlinear function f of Procedure
2 with substitution is x4, = T is

3
Flx1,x2,x3,x4) = ZxaA,-a()u)
a=1

for a fixed i €{1,2,3}, and constraint g is

Xy +x+x3—1=0.
The ranges of the variables are
x; €10,1] fori=1,2,3,
T € (300, 380] (Kelvin).

Results are summarized in Table 2. The range of f(x;, x, X3,
X4) is also shown as computed with IA and AA when con-
straint x; + x, + x3 —1 = 0 is ignored during the evalua-
tion. The ranges obtained by AA are even worse than by IA,
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Table 2. Results for Example 3

Width Relative
to Result of

Resulted Range Procedure 2

Method i of Zf,:l Xal\ia (with the same i)
AA! 1 [—0.020901, 1.853065] 2.08
2 [—0.085791, 2.319595] 3.96
3 [—0.247357, 2.639316] 3.40
Procedure 2 1 [0.116456, 1.019514] 1.00
2 [0.436081, 1.043752] 1.00
3 [0.331738, 1.180088] 1.00
IA! 1 [0.000000, 1.861866] 2.06
2 [0.000000, 2.314005] 3.81
3 [0.000000, 2.607750] 3.07
Procedure 12 1 [0.106708, 1.028848] 1.02
2 [0.397333, 1.082773] 1.13
3 [0.274760, 1.219796] 1.11

!Constraint Xt tx3—1=0.
Procedure 1 is invoked with ranges of A;,,—s as given independent interval
weights.

because zero is contained properly in all three results for AA,
due to the undershoot problems. The main reduction of the
overestimation is reached by considering the constraint. Note
that Procedure 1 is also applicable when the weights are not
prespecified real constants, but (nondegenerate) intervals.

Linearization and pruning techniques

Given the system of n nonlinear equations

f] (X1,X2, e ,Xn) = 0,
frlx,x,...,x,) =0,

2)
.f;‘l(-xlax2a v 7xn) = 07
where f; (j = 1,2,...,n) are real functions, the goal is to
bound the solution(s) contained in a rectangular box, i.e., an
ordinary interval vector X© = [X(l()>, X<20), .., X197, without
evaluating the functions over any sub-box smaller than the
original one (or, in other words, without splitting the box).

Let L(X) denote the affine extension of f(x) = [fi(x),
f(x),....[,(X)], in box X, in the form

n+m
Li(X) = ao; + Y
i=1

ajj - &,

where the noise variables ¢; (i = 1,...,n) are obtained in the
course of converting the input interval vector X to the corre-
sponding affine form, ¢; (( = n + 1,...,n + m) are intro-
duced in the course of computation, ag; and a;; (i = 1,...,n
+ m,j=1,2,...,n) are real values also determined in the
course of computation. This is an alternative to the tradi-
tional and widely used linearization (such as used in the
interval Newton method)

f(x) e A(x —z) 4 f(z) “)

in a given interval box X, where x € X and z € X are real
numbers, A(X) is an interval matrix, and f(z) is a real vector.
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Form (3) in a more general form is
f(x) € Ax+B (@)

for, x € X, where A is a real matrix in contrast to (4), where
the coefficient matrix is an interval matrix, and B is an inter-
val vector. The applicability of form (5) for root finding and
optimization was studied in detail by Kolev.>**®* Numerical
examples published by Kolev,*****® Nenov and Fylstra,*
Yamamura,***! Miyajima and Kashiwagi,42 and our results,
suggest that (5) is a more efficient linearization than (4).
Let M denote the solution set of the system

LX)=0 6)

derived from (3). M encloses all solutions of f (x) = 0 in X, but
usually M is not contained in X. The hull of the intersection of X
and M can be computed by solving the following 2n LP problems

min/max e; fori=1,...,n
S.t
B_[SZaiif'eiSEj J=12,....n, )
icS
—1<e <1 ieS

where § denotes the index set of the noise variables shared by
the equations in (6), interval B; = [B;, B;] for a fixed j is calcu-
lated by negating the sum of a,; and those a; ;- e; products for
which i ¢ S. Use of linear programming is straightforward, and
has been proposed in the literature®® (LP has also been sug-
gested for other linearization techniques®*>>).

Another approach to prune the box is the use of constraint prop-
agation (CP) as proposed by Kolev,** Algorithm A4 and A5. Pro-
cedure 3 following is an affine analogue of Kolev’s algorithms.

Procedure 3

Components of the original box X are determined as X; =
XO’,' + X;&; (l = 1, e ,n).
Step 1

Fori=1ton+m,i €S, initialize ¢;—s with [—1, 1]
Step 2

For j = 1 to n repeat

Fori=1ton+m,i €S, repeat

e« eiN L Bj—Zakjek (8)
dij =
kes
Step 3
The result is the (hopefully) pruned box X', with compo-
nents fori = 1,...,n

!
Xi — X0, +xi¢;

Values a;,; and B; are computed before starting Procedure 3,
and they remain unchanged during the procedure (similarly
to Algorithm A4 of Kolev®*). This approach will, henceforth,
be referred to as “the pre-evaluated variant of Procedure 3”.
Note that it is also possible to apply Procedure 3 equation-
wise (similarly to Kolev’s Algorithm A5*): a;j and B; values

are computed for the j-th equation using the current box,
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Figure 2. Geometrical lllustration of the LP and CP PruningT according to Kolev.>*
(a) LP is advantageous in pruning because X" is subset of X (b) LP is advantageous in discarding (feasibility check) as W N X = ¢,

whereas CP gives Y N X # (.

then Eq. 8 is applied, and the box is (hopefully) reduced, and
the next iteration for the j + 1-th equation uses the reduced
box, etc. This approach will from now on be referred to as
the “AA/CP method” or as “the equationwise variant of Pro-
cedure 3”. Depending on the number and the computation
costs of the shared subexpressions, the equationwise variant
of Procedure 3 can be applied on a subset of the equations
only, and the pre-evaluated variant is used for the rest.

Constraint propagation (CP), and linear programming
(LP), can also be combined in order to reduce the box by
way of first applying Procedure 3, and then using LP as
described previously. This combination will from now on be
referred to as “the AA/LP method”.

In the aforementioned pruning methods, the number of
variables need not equal the number of equations. Redundant
equations and inequalities may significantly speed up the
computation.

The AA/LP method needs less iteration, and is expected to
be more robust than the AA/CP method although the compu-
tation cost of one iteration in AA/LP is obviously higher.
This higher cost per iteration may be compensated by the
reduced number of iterations. The relative performance of
the AA/CP and AA/LP methods may vary substantially
depending on the problem and the implementation of the
methods.

The performance of IN/GS may be worsened?!' %> by the
so-called dependency problem (troublesome overestimation
of ranges). AA automatically keeps track of the correlation
between the partial results obtained during the evaluation of
functions; this reduces overestimation. As the examples con-
sidered in this article are full of dependency, the AA/CP ben-
efits from the partially remedied dependency. The reduced
overestimation in AA also influences CP (Procedure 3) favor-
ably. However, this CP has a low-efficiency compared to the
cutting edge CP techniques, based on directed acyclic graph
(DAG). These state-of-the-art CP techniquesﬂ*23 can be eas-
ily extended to the mixed AA/IA model and are expected to
speed up the computation by orders of magnitude.
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Form (5) has a simpler structure than (4) (real vs. interval
coefficient matrix). If the real coefficient matrix A is inverti-
ble, computing the hull of the solution set W of

Ax+B=0 )
is straightforward (neglecting rounding)

Y=—-A"B, (10)
and then the search box X can be pruned as

X =XxnY. (11)

In contrast, IN/GS yields an interval solution usually wider
than the hull of the solution set of A(x — z) + f(z) = 0 cor-
responding to Eq. 9. Pruning according to Eqs. 10) and 11 is
not used in this study.

A geometrical illustration of the different pruning techni-
ques is given by Kolev.’* As it is shown in Figure 2, the
hull of the intersection of the search box and the solution set
of (9) is computed (X" = Hull(X N W)) with the LP pruning
technique. In contrast, the intersection of the search box and
the hull of the solution set of (9) is computed (X' = X N
Hull(W) = X N Y) with CP (10) and (11). LP is obviously
advantageous in pruning (Figure 2a) and discarding
(Figure 2b).

Bounding all solutions

The goal is to bound all solutions of (2) in boxes with a
diameter smaller than a specified threshold. A recursive pro-
cedure is carried out starting with stack D containing the ini-
tial box X©@ = [Xgo), Xéo),...,Xflo)] at the beginning . The
top element X® of D (k > 0) is taken out and removed from
D, and F(X(%) is evaluated. If 0 ¢ F(X®) then there is no so-
lution in X®, and the box is discarded. If 0 ¢ F (X®) then
tight bounds on the solution set of the relaxed system F' x®)
= 0 are calculated by any of the methods described earlier.
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Box X is deleted if an empty interval is obtained during
constraint propagation according to Procedure 3, or if the LP
problems (7) are infeasible. If the maximum diameter of box
X® cannot be pruned to drop below a small predefined
threshold, then the box is bisected in a carefully chosen
direction, yielding boxes X* D and X(k+2); otherwise X® is
placed in a list R of the candidate solutions. The steps earlier
are repeated on box X*'! (starting with evaluating F
(X(Hl)); box X**? ig pushed to stack D. This recursive
method is finished when stack becomes empty. The result is
stored in list R; each solution of (2) in X is contained in
one of the boxes in this list, although not all the boxes neces-
sarily contain a solution.

Implementation
Implemented linearization and pruning techniques

One of our aims is to compare the efficiency of the AA-
based linearization technique to that of the traditional IN
when they are applied to example problems taken from the
field of chemical engineering. In order to maintain compara-
bility of the two linearization methods, analogous techniques
of box pruning and bisection are applied in both cases (AA/
CP and IN/GS). Although state-of-art methods'® may be
several orders of magnitude faster than the IN/GS implemen-
tation®® used in this study, this version of IN/GS is applied
for fair comparison. In the same way as IN based root find-
ing has been made gradually faster in the last few decades,
there is still room for improvement left for the AA methods,
see section Further Enhancements.

In order to compare the efficiency and robustness of CP
with and without LP in the case of AA-based linearization,
both techniques are implemented. The source code of AA/CP
is directly derived from the source code of AA/LP by com-
menting out the LP pruning part. AA/LP is compared to AA/
CP only; comparison of IN/GS and AA/LP would be unfair
because not only the linearization techniques, but also the
pruning methods, are different.

Implementation details

IA computations are carried out with the Interval Newton/
Gauss Seidel/Generalized Bisection root finding algorithm
(IN/GS/GB) implemented in C++ Toolbox 2.0.* It has
been necessary to use the splitting rule of Kearfott and
Novoa,25 that takes into account scaling, instead of the origi-
nal code, but no other change is applied to the source code.

Affine arithmetic is realized using the map container of the
C++ Standard Template Library; rigorous operations use the
C-XSC 2.0 library.” Basic arithmetic operations and three
nonaffine elementary functions, namely using Chebyshev
approximation, using Chebysev approximation, and X using
min-range approximation, are currently implemented. Multipli-
cation and division rules are applied according to Kolev.>® As
for other implementation issues, the monograph of Stolfi and
Figueiredo?” has been followed. All the arithmetic operations
and the functions include rigorous directed rounding.

Procedure 3, the general scheme of constraint propagation
(8) analogous to Kolev’s Algorithm A5,** is implemented
and used. LP problems are solved by primal simplex algo-
rithm of the general-purpose LP solver’® GNU GLPK 4.10.
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As all LP problems in (7) share the same constraints, exactly
one basic feasible solution is generated in Phase 1 of the pri-
mal simplex algorithm. This basic feasible solution is used
when Phase 2 of the primal simplex algorithm is called for
the first time. All other LP problems in (7) use the optimal
solution of the previous LP problem as a basic feasible solu-
tion, and run only Phase 2 of the primal simplex algorithm
instead of invoking Phase 1 repeatedly. After each run of
Phase 2, the corresponding bound of e; is set to the found
optimal objective value.

There is no guarantee that the exact bounds of the solution
set are enclosed by LP pruning, because ordinary floating-
point arithmetic is used for solving LP problems. Rigorous
procedures for determining safe bounds on LP objective
value have already been proposed in the literature,?%>"5% but
none of them is applied in the current implementation.

A very simple yet efficient splitting rule is implemented:
bisect the variable for which the diameter of a; j-e; is the larg-
est after applying pruning methods. This is an affine analogue
of the well-known splitting rule of Kearfott and Novoa.”

All computations have been carried out on the same machine
with the following hardware and software configuration. Proces-
sor: Intel Pentium 4 530 Prescott at 3.00 GHz, L1 cache 16
KB, L2 cache 1024 KB; memory: 2 X 512 MB PC3200 DDR
RAM (dual channel interleaved), bus speed 800 MHz; chipset:
Intel i915P; operating system: Kubuntu 5.04 (in text mode)
with Ubuntu kernel 2.6.10-5-686-smp; compiler: Intel C++
Compiler for Linux 8.1, compiler flags: -O2 -ip -static -xP.

Separation Problems
Liquid phase split

Given the gross composition z, the goal is to determine
the relative amounts (4) and compositions (x and y) of at
most two phases in equilibrium. The number of phases is not
restricted to just two generally, but only two phases are con-
sidered in this article. The equifugacity conditions are solved
at constant pressure P and temperature 7.

A continuous set of trivial solutions

(i=1,2..,0),

always exists with the arbitrary value of 4, where z;, x;, y;
denote the mole fraction of the i-th component in the feed,
phase 1, and phase 2, respectively, and C denotes the number
of components. This continuous set of trivial solutions obvi-
ously gives rise to difficulty in applying interval methodol-
ogy. One possibility to overcome this problem is to cut out a
narrow interval containing the feed composition z; from the
search intervals of x; and y;, and to solve 2C subproblems
formed over disjoint subdomains. In this way nontrivial solu-
tions for which x; and y; (i = 1,2,...,C) are approximately
equal may be lost, but this is practically acceptable. Another
trick to avoid trivial solutions is detailed following.

The “cut-out method” used for dealing with the problem
of trivial solutions is only applicable when the gross compo-
sition is known. In the iterative procedure of solving the
equation system of a counter-current cascade, such as a
counter-current extractor or a distillation column, the gross
composition of each equilibrium unit is not a priori known.
This a priori knowledge of the gross composition is not
needed in our methodology.

i =Xi =i
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Table 3a. Comparison of Linearization Techniques for C = 2

total time iterations cycle time
Method Total Time [s] total timeaa /cp Iterations iterationsaa /cp Cycle Time [us] cycle timeaa /cp
IN/GS 26.1 22.7 120234 85.5 217 0.27
AA/CP 1.15 1.00 1407 1.00 817 1.00

Table 3b. Comparison of Pruning Techniques for C = 2

total time iterations cycle time
Method Total Time [s] total timeaa /Lp Iterations iterationsaa /Lp Cycle Time [us] cycle timeaa/Lp
AA/CP 1.15 0.852 1407 1.04 817 0.82
AA/LP 1.35 1.00 1355 1.00 996 1.00

Variables The continuous set of trivial solutions is cut out by the fol-
. lowing equation

For i = 1,2,...,C, where C denotes the number of com- &<

ponents, x; is the mole fraction of component in phase 1, y;
is the mole fraction of component in phase 2, 4 is the rela-
tive amount of phase 1, and r is the auxiliary variable.

The number of variables is 2C + 2, where C is the num-
ber of components. The initial search interval for all x; and y;
variables is [0, 1.0], where ¢ is a small positive value e.g.;
107% the search interval for 4 is [0.0, 1.0]. The auxiliary
variable r is used in the equation, cutting out the continuous
set of trivial solutions.

Equations

Sum of the mole fractions equals unity
c
>
=1
c
Y-
[

Component material balances

12)

lexi+(1=24)-yi=z (i=12,...,0) (13)

The specified z; values (feed composition) are given in Table
Al.
Equifugacity conditions

In y;(x1,x2,...,xc +In x; =Iny;(y1,y2,...,yc) +1n y;
(i=1,2,....0) (14)

where the NRTL equations are used as a liquid-phase activity
coefficient model

c c
> TGy ¢ > 1iGixg
= X/G,, —
lnyi(xth?"'vxC) —TC +Z C‘ X T”— C
S Guxi Y Gyxe > Gijxe
=i =i =1
By
‘L',‘j = ?J
Gij = exp(—u;-7y) (15)

Values of the model parameters B; and o, are listed in
Tables A2 and A3, the specified temperature T is given in
Table Al.
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C-1

D=yt =r (16)

i=1

where r is an additional variable with search interval [A,,
C — 1], and A, is a small positive number, e.g., 1074,
Equation 16 also cuts out nontrivial solutions for
which ZIC;II (xi —y,-)2 < Apin holds, but this is practically
acceptable.

Numerical results for L/L phase split problem

The specified feed composition, temperature, and initial
box, are given in Table Al. Parameters of the NRTL equa-
tions are taken from the databank of ChemCAD 5.5.4
(Chemstations, Inc.), and are listed in Table A2 and A3. Rel-
ative tolerance is set to. The computation results and their
comparison are collected in Tables 3 to 5.

Notes
When, C = 2, Eq. 15 reduces to the form
G3 1,G
11’1"/1()(1,)(2) :Xg [‘521 21 2+ L 2]
(X1 +x2G21)”  (x2 +x1Gr2)

G, n 121Gy ]

Iny,(xy,x) = x3 [‘c12
! (x2 +X1G12)2 (1 +X2G21)2

where x; = 1 — x;. Shared subexpressions used during the
affine computations are

(x1 +x2G21)2 and (x, +X1G12)2.

In this special case the nonlinear system of Eqs. 12-14, and
16 is expressed in the form

VA —/ALA)C] —(1—/1)_})1 :07
(ln’yl(xth) —|—1HX1) - (ln%()’la)’z) +1ﬂy1) = 07
(Iny,(x1,x2) +1Inxz) = (Inp; (1, 52) + Iny2) =0,

(x1 —)’1)2 =T,

where x, = 1
Y1, j" r.

— X1, y2 = 1 — y;, and the variables are xi,
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Table 4a. Comparison of Linearization Techniques for C = 3

total time iterations cycle time
Method Total Time [s] total timeaa /cp Iterations iterationsaa /cp Cycle Time [ms] cycle timexa /cp
IN/GS >318000 >1.36.10" — — — —
AA/CP 23.3 1.00 7715 1.00 3.01 1.00

Table 4b. Comparison of Pruning Techniques for C = 3

total time iterations cycle time
Method Total Time [s] total timeaa /Lp Iterations iterationsaa /Lp Cycle Time [ms] cycle timeaa Lp
AA/CP 233 1.05 7715 1.33 3.01 0.79
AA/LP 22.1 1.00 5795 1.00 3.82 1.00
When C = 3, Eq. 15 is expanded and symbolically simpli- Discussion

fied to give
Iny, G3,12153 + G21G31 (121 + T31)X2X32 + G5 13143
(x1 + Garxz + G31x3)
G12t1265 + G12G3 (12 — T32) %013
(Giax1 +x2 + Gyx3)’
G1311353 + G13Ga3 (113 + T23) %013
(Gisx1 + Gz +x3)°
_ Ga112147 + G21Ga1 (121 — T31)X1X3
(x1 + Garxa + G1x3)°
G%zflzx% + G12G3(t1n + T32)x 13 + G%nggxg
(612X1 +x + G32X3)2
G23123%3 + G3G13(T23 — 113)%143
(Gisx1 + Gz +x3)°

Iny,

G31131x; + G31Ga1 (131 — 121 )x1X2
(x1 + Garxa + G31X3)2
G3132x3 + G1oGap (T3 — T12)x1x2
(Giaxi + x> + Gyx3)’
G23113x7 + G13Ga3 (113 + T23)x10 + G3372343

(G13X1 + Gazxo + X3)2

Iny; =

Shared subexpressions are
2 2 2
X1, X5, X3, X1X2, X1.X3, XpX3,
G Gax3), (G Gax3)?
(x1 + Garxz + G31x3)", (Giox1 + x2 + G3x3)”,
2
(Gizx1 + Gpxy +x3)".

The aforementioned particular forms have been applied all
over the numerical calculations.

Table 5. Comparison of the Results of the Studied Methods

total timec—_3 iterationsc—s cycle timeq_5

Method total timec—» iterationsc—» cycle time_,
IN/GS >1.22.10* — —
AA/CP 20.2 5.48 3.69
AA/LP 16.4 4.28 3.83.
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As for comparing linearization techniques, in the binary
case AA/CP outperforms IN/GS by an order of magnitude in
speed, although the cycle time of IN/GS is approximately a
quarter of the other. Three days is not enough time for IN/
GS to find the solutions in the ternary case, whereas AA/CP
finds all solutions in less than 24 s. As it is clear from Table
5, the total computation cost of IN/GS increases much faster
with the size and difficulty of the problem than with that of
AA/CP.

As for comparing the pruning techniques, no considerable
difference between computation time of AA/CP and AA/LP
is found in both the binary and the ternary case. AA/LP
requires slightly less iterations to converge compared to AA/
CP, but the cycle time of AA/LP is longer, and this results
in an almost equal total computation time.

Counter-current equilibrium cascades

Distillation columns with a total condenser (and liquid
distillate product) at the top and a total boiler at the bottom,
and with a single theoretical stage or two stages only in
between, are shown in Figure 3. The steady state of such
processes is determined in the following examples. The
MESH equations (component material balances, equilibrium
conditions, summation equations, and heat balance equa-
tions) are simultaneously solved. The vapor-phase is mod-
eled as ideal gas, and a fairly simple enthalpy model is
used.

Variables

Fori =1,2,...,C and j = 1,...,N (where C and N
denote the number of components and the number stages,
respectively), x;; is the mole fraction of component in the
liquid-phase at stage, y;; mole fraction of component in the
vapor-phase at stage j, V; is the vapor flow rate at stage j,
and T; temperature at stage j.

Equations
All the following equations apply to i = 1, 2,...,C and/or
j=1,...,N.
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Figure 3. Cascades of the total condenser, total boiler and (a) a single theoretical stage between (b) two theoreti-

cal stages in between.

Specified streams are represented by solid lines, whereas unknown streams are dashed.

Summation (S, and S,) equations
c
D> =1
i=1
c
> =1
i=1

Component material balance (M) equations
Li-ixijor + Vieyijn + Fiiy = Lixij + Vpyij

where L; and F; denote the liquid flow rate and feed flow
rate at stage j, respectlvely, Zij denotes the specified mole
fraction of the i-th component in the feed at stage ;.

Heat balance (H) equations using a fairly simple enthalpy
model with the constant heat of vaporization of the compo-
nents (4;)

c c
Vi divig =Vist > Adijen
P p

Note that the liquid phase is left out of consideration in the
heat balances, and the feed is assumed to have zero vapor
fraction. The vaporization heat values are given in Table AS8.

Vapor-liquid equilibrium conditions are modeled with a
modified Raoult-Dalton equation (E equations)

T3)) + In(xij) + In(pi(7}))
= In(y;;) +InP,

ln('yi(le,XzJ, e >XCJ"
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where the In y; (natural logarithm of the activity coefficient)
values are computed by the two-parameter version of Wilson
equations, p; values (vapor pressure of the pure i -th compo-
nent) are computed by the Antoine equations, pressure at
each stage is specified, and is denoted by P. The pressure
drop is neglected.

Auxiliary functions

The Wilson equations are used as liquid phase activity
coefficient model

C
ln(yi(x17x27"-7xC7 = H[Z)‘a/\m]

a=1
C
Z Ap,
Xb\pt (17)

b=1
Xa Aia

Mm

a=1

ym k
Aup(T) = V—’r’nexp [fR;bT]
a

(a=1,2,...,C; b=1,2,...,C). (18)
Model parameters k,;, and V;” are given in Table A6 and A7,
respectively; denotes the general (Regnault’s) gas constant
(1.98721 cal/(mol - K)); T denotes the temperature at stage j
(index j is dropped for simplicity).
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Table 6a. Comparison of Linearization Techniques for the Cascade of Three Stages

total timC]N/GS

CyClCSIN/GS

cycle timeyy,/gs

Method Time [s] total timeaa /cp Cycles cyclespa/cp Cycle Time [ms] cycletimea cp Cluster Boxes
IN/GS 280.7 63.2 271491 160.9 1.03 0.39 3
AA/CP 4.44 1.00 1687 1.00 2.63 1.00 8
Table 6b. Comparison of PruningTechniques for the Cascade of Three Stages
total time/Gs cyclesiv/gs cycle timeyy s
Method Time [s] total timex /cp Cycles cyclesaa/cp Cycle Time [ms] cycle timeaa /cp Cluster Boxes
AA/CP 4.44 4.23 1687 5.68 2.63 0.74 8
AA/LP 1.05 1.00 297 3.54 1.00 1

Pure components vapor pressures p; are computed from
Antoine-equations
B;
Ci+T ’

ln(p,(T)) = Al'

Coefficients A;, B;, C; are given in Table A9; T denotes the
temperature at stage j (index j is dropped for simplicity).

Flow rates that follow from the specifications of reflux ra-
tio R and reboil ratio B.

L=y
0_R+1 1

B
Viar = ——L
N+1 B+1N

Relations for flow rates that follow from total material balance
1 N
Ly=MB+1)| ———V Frl,
v=B+)| -Vt ; i

1 J .
Lj:‘/j+1_I€—HV1+ZFk (./:17277N_1)
k=1

Notes

Shared subexpressions used in the affine computations for
a fixed j are

1
T7
A (a=1,2,...,C;

C
§ Xa Aia
a=1

Here index j is dropped for simplicity.

Cascade with a single theoretical stage between a boiler
and a condenser

The studied process is illustrated in Figure 3a. Compo-
nents are (1) acetone, (2) methanol, (3) water (C = 3). Spec-
ifications are: reflux ratio R = 3, reboil ratio B = 4; feed
flow rate F'; = 1.00 mol/s; feed composition z;; = 0.33, z5;
= 0.34, z3; = 0.33, and column pressure P = 101325 Pa.
Initial box and solution are given in Table A4.

Table 7a. Comparison of Pruning Techniques, Over the Small Size Initial box, for Cascade of Four Stages

total timeap /cp

CyCICSAA/CP

cycle timeaa cp

Method Time [s] total timeaa/Lp Cycles cyclesaa,Lp Cycle Time [ms] cycle timeaa,Lp Cluster Boxes
AA/CP 633.1 3332 116481 6131 5.43 0.54 3123
AA/LP 0.19 1.00 19 1.00 10.0 1.00 0

Table 7b. Comparison of Pruning Techniques, Over the Medium Size Initial box, for Cascade of Four Stages

total timeAA/cp

cyclesaa/cp

cycle timeaa /cp

Method Time [s] total timeaa/Lp Cycles cyclesaa,Lp Cycle Time [ms] cycle timeaa,Lp Cluster Boxes
AA/CP 1132.2 364 210677 577 5.37 0.63 2496
AA/LP 3.11 1.00 365 8.52 1.00 1
Table 7c. Comparison of Pruning Techniques, Over the Large Size Initial box, for Cascade of Four Stages
total timeaa /cp cyclesaa/cp cycle timeaa /cp
Method Time [s] total timeaa /Lp Cycles cyclesaa/Lp Cycle Time [ms] cycle timeaa Lp Cluster Boxes
AA/CP 3934.0 14.0 721501 22.2 5.45 0.63 2560
AA/LP 281.5 1.00 32471 8.67 1.00 0
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Table 8. Comparison of the Results for the Cascade with
Three Stages and the Cascade with four Stages over the
Large Size Initial Box

total timey—y4 cyclesy_, cycle timey_y4
Method total timey_3 cyclesy_; cycle timey_s
AA/CP 886.0 427.7 2.07
AA/LP 268.1 109.3 245

Cascade with 2 equilibrium stages between a boiler and
a condenser

The studied process is illustrated in Figure 3b. Compo-
nents are (1) acetone, (2) methanol, (3) water (C = 3). Spec-
ifications are: reflux ratio R=3, reboil ratio B=4; feed flow
rates, F; = 0.00 mol/s, F, = 1.0 mol/s, feed composition
212 = 033, z,, = 0.34, z3, = 0.33, and column pressure P
= 101325 Pa. Computations are carried out with three differ-
ent initial boxes (“small, medium, and large initial boxes”),
the solution and the initial boxes are listed in Table AS.

Numerical results for counter-current
equilibrium cascades

Parameters of the Wilson equations and the Antoine con-
stants are taken from the databank of ChemCAD 5.5.4
(Chemstations, Inc.), and are listed in Table A6—-A9. Solution
and search intervals for variables of the three stages problem,
shown in Figure 3a, are listed in Table A4. Solution and
search intervals (small, medium, and large size boxes) for
variables of the four stages problem, shown in Figure 3b, are
listed in Table A5. Relative tolerance is set to 10> (three
significant digits) in each case. The computation results and
their comparison are collected in Tables 6 to 8.

Discussion

As for comparing the linearization techniques, the AA/CP
method outperforms IN/GS in the case of three stages by an
order of magnitude in speed. AA/CP requires two orders of
magnitude less iterations to converge. A negligible clustering
effect is observed with both methods.

As for comparing the pruning techniques, the AA/LP
method proves to be more than four times faster than AA/CP
in the case of three stages, and produces less cluster boxes.
In the case of four stages a serious clustering effect is
observed with the AA/CP method, and this clustering effect
makes it difficult to compare the results with AA/LP in a fair
way. The authors presume that the clustering effect is caused
by the relative low-performance of the applied constraint
propagation technique (Procedure 3) compared to that of
AA/LP. The results of the four stages case show the robust-
ness and efficiency of the AA/LP method.

Further enhancements to apply

Numerical tests not detailed here suggest that using static
arrays for storing the coefficients and indices of the noise
variables instead of the map container gives one-two-orders
of magnitude speed-up of the computation.
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Optimal multiplication which yields no overestimation has been
proposed by Kolev®®, Miyajima, Miyata, and Kashiwagi’>® sug-
gest that linear approximation to ax + by + ¢ binary operations
f (x, y) should be computed over the joint range of the operands,
and not over the rectangular domain X X Y. They give a detailed
o) algorithm for multiplication and division.

If the box is “sufficiently reduced” in size after applying
the pruning method in a given iteration then, as published by
Hansen,*® it is preferable to repeat the pruning step instead
of splitting the box.

A hybrid splitting rule may also be easily constructed on
the analogy of Beelitz et al.%!

It has been necessary to combine AA and IA during the
computations (similarly to Example 1), otherwise the prob-
lem of division by zero and negative argument in the loga-
rithm function would have occurred. This combination is
applied only at the critical points in the current implementa-
tion, where it is necessary. A more convenient and effective
way is to implement the mixed AA/IA model in a general
manner, following the ideas of Stolfi and Figueiredo,27 and
using it in each step of the computation.

Static storage allocation for LP problems can be used
instead of allocating and deallocating the corresponding
memory area in every iteration step. The solution methodol-
ogy to solving LP problems can be further optimized, e.g.,
by implementing the algorithm of Kolev,°® or by creating
more sophisticated heuristics for selecting and sequencing
the noise variables that are involved in the LP pruning.

Advanced constraint propagation techniques using directed
acyclic graph (DAG) representation of the problem published
for the IA case in, e.g., Kearfott,>! Beelitz et al.>? or Schichl
and Neumaier,” can be generalized by applying them to the
mixed AA/IA model, and are expected to decrease the over-
all computation time significantly.

Well-known decomposition methods developed for solving
the MESH equationsl’2 are also applicable in affine arithme-
tic. For example, it is possible to apply Procedure 3 and LP
pruning (7) in the following sequence: (a) use Procedure 3
(equationwise manner) to the equations, then (b) use them to
the M equations, (c) compute tight bounds with LP on the
box of the corresponding variables using the S and M equa-
tions, (d) evaluate all the H and E equations, and then apply
Procedure 3 (pre-evaluated manner) and, finally (e) use LP
pruning involving all the MESH equations.

Conclusions

A new automatic interval linearization technique based on
affine arithmetic (AA) is to chemical engineering problems,
and its efficiency is compared to the traditional one based on
ordinary interval arithmetic (IA) by embedding them in reli-
able root finding algorithms (AA/CP and IN/GS, respec-
tively). In order to make the comparison as fair as possible,
the implemented methods differ in the applied linearization
techniques only, the pruning and bisecting rules are (hope-
fully) analogous. The proposed root finding algorithm AA/
CP outperforms the traditional textbook algorithm IN/GS by
an order of magnitude in the case of the studied examples. It
is important to mention at this point that state-of-the-art var-
iants of the Interval Newton methods also outperform the IN/
GS used for comparison in this article.
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Two pruning techniques applicable together with AA are
also studied and compared. One is a basic constraint propaga-
tion technique (AA/CP), the other is linear programming
appended to this constraint propagation technique (AA/LP).
There is no significant difference between the two methods
except in the case of the most difficult problem considered. In
that difficult case AA/CP produces thousands of cluster boxes,
whereas AA/LP does not show clustering. The clustering effect
slows down the AA/CP method drastically. This example dem-
onstrates the robustness and efficiency of the AA/LP method.

Procedure 1 and Procedure 2 are suggested for tightening
the range of general nonlinear expressions accompanied by
general nonlinear constraints as a further development of a
similar technique'® for linear functions with linear con-
straints. This works well in evaluating nonisothermal activity
coefficient models like Wilson, NRTL, Uniquac or Unifac.

State-of-the-art CP techniques can be easily extended to
the mixed AA/IA model. These methods together with other,
problem specific, enhancements are expected to speed up the
computation by several orders of magnitude.
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Appendix
Liquid-liquid phase split problem

Table Al. Search Intervals and Solutions for the L/L Phase

Split Problem with Components*

Case C = 2 Case C =3
Search Solution Search Solution
Variable Interval (3 digits) Interval (3 digits)
X1 [1.0e—6, 0.999999]  0.841 [1.0e—6, 1.0] 0.0446
X — — [1.0e—6, 1.0] 0.000603
X3 — — [1.0e—6, 1.0] 0.955
V1 [1.0e—6, 0.999999]  0.108 [1.0e—6, 1.0] 0.311
Vo — [1.0e—6, 1.0] 0.686
3 — — [1.0e—6, 1.0] 0.00284
2 [0.0, 1.0] 0.535 [0.0, 1.0] 0.417
r [0.0001, 1.00] 0.538 [0.0002, 2.0] 0.541

*(1) methanol, (2) cyclohexane and feed composition [0.5, 0.5] in case C =
2; (1) acetone, (2) toluene, (3) water and feed composition [0.2, 0.4, 0.4] in
case C = 3; at T = 298.15K. Only one of the nontrivial solutions is given.

Table A2. Parameters of the NRTL Equations.

B> (cal/mol)

B3, (cal/mol) Op = 0oy

593.739 668.941 0.3995

Data is from the Databank of ChemCAD 5.5.4 (Chemstations, Inc.).
Components: (1) methanol, (2) cyclohexane.

Table A3. Parameters of the NRTL Equations

J Bj; (cal/mol) Bj; (cal/mol) O = i
1 2 —124.774 366.098 0.295
1 3 377.577 653.885 0.5856
2 3 2839.37 2160.78 0.2

Data is from the databank of ChemCAD 5.5.4 (Chemstations, Inc.).
Components: (1) acetone, (2) toluene, (3) water.
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Steady state of vapor-liquid equilibrium stages

Table A4. Search Intervals and Solution for the Cascade

with One V/L Equilibrium Stage

Variable Search Interval Solution (3 digits)

X711 [0.02, 0.98] 0.164

X2 [0.02, 0.98] 0.318

X31 [0.02, 0.98] 0.517

i1 [0.02, 0.98] 0.478

a1 [0.02, 0.98] 0.359

Y31 [0.02, 0.98] 0.162

Vi [1.5, 2.8] 2.11

T, [300.0, 350.0] 337

(shown in Figure 3a), components: (1) acetone, (2) methanol, (3) water (C =
3, N = 1). Specifications: reflux ratio R = 3, reboil ratio B = 4; feed flow
rate F; = 1.00 mol/s; feed composition z;; = 0.33, zo; = 0.34, z3; = 0.33;
and P = 101325 Pa.

Table AS. Search Intervals and Solution for the Cascade

With Two V/L Equilibrium Stages

Search Intervals

Case a Case b Case ¢
(Small (Medium (Large Solution
Variable Initial Box) Initial Box)  Initial Box) (3 digits)

X1 [0.31, 034] [0.25,0.40] [0.02, 0.98] 0.327
X1 [0.41, 0.44] [0.35, 0.50] [0.02, 0.98] 0.428
X31 [0.22, 0.25] [0.15, 0.35] [0.02, 0.98] 0.245
X12 [0.07, 0.10] [0.02, 0.15] [0.02, 0.98] 0.0891
X202 [0.28, 0.31] [0.20, 0.40] [0.02, 0.98] 0.297
X32 [0.60, 0.63] [0.50, 0.70] [0.02, 0.98] 0.614
Y11 [0.52, 0.55] [0.45, 0.60] [0.02, 0.98] 0.536
Va1 [0.36, 0.39] [0.30, 0.45] [0.02, 0.98] 0.377
Y31 [0.07, 0.10] [0.02, 0.15] [0.02, 0.98] 0.0876
Yi2 [0.37, 0.40] [0.30, 0.45] [0.02, 0.98] 0.382
Y22 [0.40, 0.43] [0.35, 0.50] [0.02, 0.98] 0.414
V32 [0.19, 0.22] [0.15, 0.25] [0.02, 0.98] 0.204
Vi [2.0, 2.3] [1.6, 2.8] [1.6, 2.8] 2.16
V, [1.9, 2.2] [1.5,2.7] [1.5,2.7] 2.06

T, [330.0, 335.0] [327.0, 337.0] [300.00, 350.0] 333
T, [339.0, 344.0] [336.0, 346.0] [325.0, 375.0] 341

(Shown in Figure 3b), Components: (1) Acetone, (2) Methanol, (3) Water (C
= 3, N = 1) Specifications: reflux ratio R = 3, reboil ratio B = 4; feed flow
rates F; = 0.00 mol/s, F» = 1.0 mol/s feed composition z;, = 0.33, z,, =
0.34, z3, = 0.33; and P = 101325 Pa.
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Table A6. Parameters of the Wilson equation Table A8. Heat of Vaporization at Normal Boiling Point

i j kjj (cal/mol) kj; (cal/mol) Component i A; (cal/mol) A (kJ/mol)
1 2 —157.981 592.638 Acetone 6960 29.12
1 3 393.27 1430.0 Methanol 8426 35.25
3 —52.605 620.63 Water 9717 40.66
Data is from the databank of ChemCAD 5.5.4 (Chemstations, Inc.). Databank of ChemCAD 5.5.4 (Chemstations, Inc.).
Components: (1) acetone, (2) methanol, (3) water. Computations were carried out with the values in cal/mol.
Table A9. Parameters of the Antoine equation
In p = A — B/T + C) where vapor pressure is p in mmHg,
temperature 7 is in degrees Kelvin
Component i A; B; (K) C; (K)
Table A7. Liquid Molar Volume Acetone 16.732 2975.9 —34.523
- 3 Methanol 18.51 3593.4 —35.225
Component i Vi (cm”/mol) Water 18.304 3816.4 —46.13
Acetone 74.05 Data is from the databank of ChemCAD 5.5.4 (Chemstations, Inc.)
Methanol 40.729
Water 18.069
Manuscript received May 10, 2007, revision received Sept. 23, 2007, and final
Data is from the databank of ChemCAD 5.5.4 (Chemstations, Inc.) revision received Feb. 21, 2008.
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